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Abstract. We argue that in a framework for emergent quantum me-
chanics, the weak equivalence principle is a consequence of a general
property of functions defined over high dimensional configuration spaces.
Furthermore, as a consequence of the emergent framework and the prop-
erties that we assume for the fundamental dynamics, it is argued that
gravitational interaction must be a classical, emergent interaction.
1. Introduction
The weak equivalence principle, namely, the principle of universal free
falling of test particles in the presence of an isolated gravitational field, is
a cornerstone of moderns theories of gravity. It is indeed, one of the most
accurately confirmed fundamental principles in physics. However, despite
the principle is harmonically implemented in the mathematical structure
of current gravitational theories, from general relativity to extensions and
generalizations of Einstein’s theory, such coherence between the physical
principle and the geometric frameworks where it is implemented does not
provide an explanatory mechanism for it.
It is the main purpose of this paper to offer a derivation of the weak equiv-
alence principle in the context of an emergent theory of gravity, a theory that
the author is developing and exploring in our theory of Hamilton-Randers
dynamical systems [16]. The framework of emergent quantum theory that
we pursue is based upon the hypothesis that there is a deeper level of descrip-
tion of physical systems than the current quantum theory is able to offer.
In our theory, a deeper description than quantum mechanics based upon
different degrees of freedom, referred as fundamental degrees of freedom,
is theoretically postulated and investigated. Such fundamental degrees of
freedom follow a deterministic and local dynamical law, while the quantum
mechanical description of physical systems that sole assignes an element of
a projective Hilbert space to each individual quantum system, is obtained
as a coarse grained description from this deeper level of description. This
is similar as how the standard thermodynamical description of a system is
obtained from classical statistical mechanics. Such emergences of quantum
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mechanics is a research line that has been also investigated by other authors,
for instance [1, 2, 9, 8, 13, 21].
There are three main ingredients in the mechanism of how the quantum
mechanical description emerges from a fundamental dynamics. The first is
the novel notion of dynamics that we assume. Such dynamical systems are,
fundamentally, a two-time dynamical systems. But differently from other
geometric theories of multi-time dynamics [5, 11], in our theory one of the
time variable parameters are necessarily emergent, as a result of the un-
derlying non-reversible dynamics. They correspond to the time parameters
that we use in the description of quantum theoretical systems and classical
field theories have an emergent origin, from the dynamical non-reversible
processes that happen at a more fundamental level. At the more fundamen-
tal level, the level of the dynamics of the fundamental degrees of freedom,
the dynamics is non-reversible. In particular, there is a necessary different
notion of time (different time parameters) than in the quantum description
(see chapters 2 and 3 in [14, 16]). Let us remark that this kind of dynamics
is different than in slow/fast dynamics [3] and is on the basis of our inter-
pretation of quantum correlations [16, 17]. This type of explanation differs
considerably from the offered by superdeterminism [25].
The second ingredient is the use of Koopman-von Neumann theory of
dynamical systems. Originally in such a theory, deterministic dynamical
systems are investigated using Hilbert space theory and spectral theory. In
emergent quantum mechanics is essential, since it allows to consider deter-
ministic systems from a quantum mechanical point of view. This is essential
in the coarse grained transition from fundamental degrees of freedom to
emergent quantum states (see chapters 4 and 5 in [14, 16]). Similar tech-
niques have been investigated by Hooft in his theory of quantum cellular
automata and in earlier work [22, 23, 24, 25].
The third fundamental ingredient of the general scheme of quantum emer-
gent mechanics that we are pursuing is the hypothesis that the relation be-
tween the number of degrees of freedom at the fundamental scale and the
number of degrees of freedom a the quantum scale are in N to 1 proportion,
with N >> 1. This is fundamental in the transition from detailed (funda-
mental) and coarse grained description (quantum) and in the use of a math-
ematical theory of analysis known as concentration of measure [20, 27, 31].
It is this theory that allows to provide a resolution of the measurement
problem of quantum mechanics (see chapter 6 in [16]).
It is also the use of concentration of measure that will allow us to establish
the existence of a domain of the fundamental dynamics that has a property
analogous to the weak equivalence principle in gravitational theories: in such
domain of the fundamental dynamics, fixed the initial conditions, an specific
type of dynamical variables, namely, geometric center of masses associated to
the fundamental description of quantum systems that we propose[7], follow
exactly the same evolution in time, independently of the size, type and
mass of the system. This is expressed in the form of exponential Chernov
type bounds on the separation of the center of mass trajectories, where the
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large (negative) makes the differences between trajectories of different test
particles practically zero.
Together with other analogous properties that the fundamental dynamics
should have in such domain, it is natural the identification of such interaction
with the gravitational interaction.
According with this reasoning, two main consequences follow. The first
is that the weak equivalence principle is indeed an exact law of nature, in a
similar way as the principles of thermodynamics are unavoidable and uni-
versal and there is no violations of them. This consequence is true for all
the scales in nature up to a critical scale, where the description pass from N
to 1 degrees of freedom. At that point, the consequences of concentration
of measure are not strong (there is no concentration). Second, according to
our argument, the gravitational interaction is a classical, emergent interac-
tion. It is classical because it appears in the domain where concentration is
present. Such domain is where in our theory the value of all possible observ-
ables of the system, is well defined (see for instance, chapter 6 in [16]). It is
emergent because the variables involving in the interaction that is described
are average variables (geometric center of mass). Gravity, as such, does not
apply to the fundamental degrees of freedom of Hamilton-Randers theory.
The structure of this work is as follows. In section 2, we introduce the
notions from Hamilto-Randers dynamical systems that are relevant for the
purpose of this paper. In section 3 we discuss a technical result, the de-
composition of the Hamiltonian function in matter part and a non-matter
part. Section 4 discuss how concentration of measure implies a formal weak
equivalence principle. Section 5 shows that Newtonian gravity holds the
fundamental property need for concentration, namely, being a 1-Lipschitz
interaction. Section 6 extends the results by arguing that, by formal simi-
larities of the dynamics of Hamilton-Randers models with the characteristic
properties of gravity in relativistic theories of gravitation, that such inter-
action must be indeed be the gravitational interaction. In Appendix A we
collect several notions of Hamilton-Randers theory, while in Appendix B
we describe the notion of concentration of measure and several results of
particular practical interest for our purposes.
2. Brief introduction to Hamilton-Randers theory
The theory of Hamilton-Randers models proposes that the quantum de-
scription of physical systems is an effective description, obtained as a coarse
approximation of a deterministic dynamics for fundamental degrees of free-
dom [14, 16]. The fundamental assumption is that any single quantum
system, as it can be an isolated electron, an atomic system or any system
that effectively is described by a quantum model, is at deeper level described
by a dynamical system with many deterministic, local degrees of freedom of
a type that we have called Hamilton-Randers models. This clash with the
experimental violation of Bell-like inequalities, that imposes constrains on
possible hidden variable theories [6]. The way these constrains are overcome
is through a mechanism of interacting at the fundamental level by means
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of an hypothesized fundamental dynamics at the level of the fundamental
degrees of freedom [14, 16, 17]. Essentially, the theory of emergent quantum
mechanics that we propose is a new theory of dynamics and time evolu-
tion, combined with an application of an extended version of Koopman-von
Neumann theory of dynamical systems [26, 32, 30].
Without going into the many mathematical details of the theory, that
the interested reader can find in [16], but that we remind is still a work in
progress, we resume here the essential points that are strictly relevant for
the topic of this paper and that we believe will remain immune to future
developments of the theory. The fundamental assumptions in our approach
to emergent quantum mechanics are the following:
(1) There is an underlying deterministic, local and universal dynamics
beneath quantum dynamical systems,
(2) The dynamics is two dimensional. Namely, the time parameters need
to describe the dynamics are two dimensional pairs (t, τ) that live
in a 2-dimensional number field K.
(3) The number of degrees of freedom of such fundamental dynamics
(Ut, Uτ ) to the quantum dynamics is in relation N : 1, with N >> 1.
Thus, for instance, a single electron or neutrino should be described
by models with N >> 1 degrees of freedom and the ration N : 1
is a measure of the complexity of the system. The models describe
the dynamics of the system in an abstract configuration tangent
manifold.
(4) The internal dynamics Ut (also identified with what we have called
fundamental dynamics and fundamental flow) is assumed to have
three different kind of phases, that are approximately cyclically re-
peated: 1. Ergodic phase, 2. Contractive phase and 3. Expanding
phase. The relevant phase for the probabilistic, non-local description
of quantum mechanics is the ergodic phase; the relevant phase for
the topic of this essay is the contractive phase and the equilibrium
phase. These cycles are referred as fundamental cycles.
(5) A sufficient condition for this contractive phase to happen is that
there is a break of the ergodicity and that the evolution operator
Ut is dominated by a 1-Lipschitz evolution operator. Then by ap-
plication of concentration of measure [27, 31], one can show that
for such contractive dynamics a week principle of equivalence holds
universally in the contractive and equilibrium phase.
2.1. The geometric framework. The configuration space in Hamilton-
Randers theory are defined on product manifolds,
M ∼=
N∏
k=1
Mk4 .(2.1)
The equivalence relation ∼= means diffeomorphism equivalence. Therefore,
for the dynamical systems that we shall consider, the configuration manifold
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M is the tangent space of the smooth manifold M and is of the form
M∼= TM ∼=
N∏
k=1
TMk4 .
However, since the dynamics will be described by a Hamiltonian formalism,
the relevant geometric description of the dynamics is through the co-tangent
bundle π : T ∗TM → TM .
The dimension of the configuration manifold M is
dim(M) = dim(TM ) = 2 dim(M) = 8N.
For the dynamical systems that we are interested, we assume that the di-
mension dim(TM) = 8N is large for all practical purposes compared with
dim(TM4) = 8.
As we will see, choosing the configuration space M as a tangent space
TM instead than the base manifold M allows to implement geometrically
second order differential equations for the coordinates of the sub-quantum
molecules in a straightforward way as differential equations defining vector
fields on TM .
The canonical projections are the surjective maps
πk : TM
k
4 →Mk4 .
The vertical fiber over xk ∈ Mk4 is π−1k (xk) ⊂ TMk4 . It will also be relevant
to introduce the co-tangent spaces T ∗TMk4 and the projections
projk : T
∗TMk4 → TMk4 ,
as well as the projection
proj : T ∗TM4 → TM4.
Each manifold Mk4 is diffeomorphic to the model manifold M4. The as-
sumed diffeomorphisms in the theory are maps of the form
ϕk :M
k
4 →M4, k = 1, ..., N.(2.2)
2.2. Dynamics of the sub-quantum degrees of freedom. The dynam-
ical systems are of the form
u˙i :=
dui
dt
== βi(u),
p˙i :=
dpi
dt
== −
8N∑
k=1
∂βk(u)
∂ui
pk, i, k = 1, ..., 8N,
(2.3)
where the time derivatives are taken respect to the t-time parameter and
determines the Ut dynamics.
The on-shell constraints
x˙i = yi, i = 1, 2, ..., N.(2.4)
are also imposed. One also imposes the Randers condition,
|βi| < 1, i = 1, ..., 2N,(2.5)
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which is equivalent to the existence of upper bounds for acceleration and
velocity of the fundamental degrees of freedom.
In Hamilton-Randers theory, it is postulated that the fundamental dy-
namics is described by a geometric flow Ut in the phase space of M [16].
The details are relevant, but still under study. However, in order to describe
how the Ut implies the differential equations (2.3), such details can be omit-
ted here. Only it is necessary to note that, in order to accomplish with the
general structure of the dynamical cycles, the Hamiltonian function can be
formally express in the form
Ht(u, p) = (1− κ(t, τ))1/2
8N∑
k=1
βk(u)pk,(2.6)
κ(t, τ) is a function that regulates the flow Ut. In particular, its evolution
determines and defines the time parameter τ associated with the fundamen-
tal cycles. By the assumptions of the theory during each of the fundamental
cycles there is a contractive regime such that the Ut dynamics is 1-Lipschitz
continuous in some operator norm. In such regime the conditions
lim
t→(2n+1)T
H = 0, lim
t→(2n+1)T
(1− κ(t)) = 0, n ∈ Z(2.7)
hold good and the dynamics is manifestly τ -time diffeomorphic invariant,
since the Hamiltonian function (2.6) is zero or close to zero in such regime
of the dynamics. The second of these properties suggests the introduction
of the domain D0 ⊂ T ∗TM containing the points corresponding to the
evolution at the instants
{t = nT, n ∈ Z}.(2.8)
The open domain D0 will be called the metastable equilibrium domain.
2.3. Re-definition of the t-time parameter and Ut flow. The Ut flow
has been parameterized by the conformal factor κ(t, τ). However, in order
to obtain dynamical equations of motion (2.3) from a Hamiltonian theory it
is necessary to conveniently normalize the t-time parameter. Let us denote
the old time parameter, by t˜ and the new external time parameter by t. In
order to resolve such incompatibility, we re-define
t˜ 7→ t = t˜ (1− κ˜(t˜, τ))−1.(2.9)
As it stands, the relation (2.9) is well defined, since κ(t˜, τ) does not depend
on u ∈ TM . On the other hand, one has the differential expression
dt = (1− κ˜(t˜, τ)dt˜+ t˜d
(
1
1− κ˜(t˜, τ)
)
.
It is reasonable that respect to the external time we can further impose
on the equilibrium domain D0
dκ˜
dt˜
= 0,
indicating homogeneity respect to t˜-time translation. We remark that this
condition is imposed only on D0, that is, the above derivative is negligible
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in that region and zero at the points t = 2nT , which is also the domain
defining the τ -time parameter. Then we have that on D0 the relation
dt = (1− κ˜(τ))dt˜.
The effective Hamiltonian that describe the dynamics the full cycle is given
by
Ht(u, p) =
8N∑
k=1
βi(u) p
i, t 6= nT, n ∈ Z
= 0, t = nT, n ∈ Z.(2.10)
2.4. Koopman-von Neumann theory. We apply Koopman-von Neumann
theory [26, 32] to Hamilton-Randers systems in the following way. First, we
introduce the following quantization prescription, which is indeed an state-
ment on the existence of a non-commutative Lie algebra,
(u, p) 7→ (uˆ, pˆ), [uˆi, uˆj ] = 0, [pˆi, pˆj ] = 0, [uˆi, pˆj ] = δij , i, j = 1, ..., 8N.
(2.11)
This quantization prescription is not equivalent to the standard canoni-
cal quantization of quantum mechanics, since in our case half of the u-
coordinates represent velocity coordinates. After quantization, all the uˆ-
velocity {yˆi}4Ni=1 elements of the quantum algebra (2.11) commute with the
uˆ-position coordinate operators {xˆi}4Ni=1. This situation contrasts with the
usual canonical quantization used in quantum theory, where the canonical
position operators and the velocity operators do not commute. The fact
that the dynamics of sub-quantum degrees of freedom is deterministic is not
in contradiction with the uncertainty principle in quantum mechanics, since
the degrees of freedom represented by points u ∈ TM are not the same than
the quantum degrees of freedom used in the quantum mechanical description
of the system.
Let us consider a linear representation of the algebra (2.11) on a vector
space HF . A collection {|u〉} ⊂ HF of eigenstates for the uˆ operators is
also introduced. Then the vector space HF can be furnished with a natural
scalar product in such a way that HF with such scalar product is a pre-
Hilbert space. We assume that indeed HF is a Hilbert space. Then we can
state that the operators {uˆµk} and {pµk} are self-adjoint to respect the inner
product in HF . Furthermore, the eigenvalues of {uˆµk} are continuous and
compatible with the atlas structure of TM .
The eigenvectors of {uˆµk} are such that
xˆµk |xµk , yµk 〉 = xµ |xµk , yµk 〉, yˆµk |xµk , yµk 〉 = yµ |xµk , yµk 〉.
In terms of the generator system of HF
{|uµ〉}Nk=1 ≡
{|xµk , yµk 〉, N = 1, ..., N, µ = 0, 1, 2, 3}
a generic element of HF is of the form
ψ(x) =
N∑
k=1
1√
N
∫
TxMk4
d4zk e
ıϕk(xk,zk) nk(x
µ
k , z
µ
k ) |xk, zk〉,(2.12)
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where in the following |xk, zk〉 stands for |xµk , zµk 〉. ϑk : Mk4 → M4 are
diffeomorphisms and we denote by ϑ−1k (x) = xk, etc... Note that the velocity
coordinates are integrated. This is an expression of the ergodicity in one
of the dynamical regimes of the Ut dynamics. The ergodic theorem is only
applied respect to the speed coordinates and not respect to the spacetime
coordinates.
The spacetime coordinates are labels for the degrees of freedom. The
choice of the type of label is irrelevant. Hence, the theory must be invariant
under diffeomorphism invariance in M4. This invariant condition is totally
consistent with Hamilton-Randers theory.
The Hamiltonian operator Ĥ is obtained from the Hamiltonian function
(2.6) by application of Born-Jordan quantization prescription to the algebra
(2.11). The quantized Hamiltonian Ĥ defines the Uτ dynamics through the
corresponding Heisenberg equation. In the equilibrium domain Ĥ = 0, that
can be read in a weak way as Ĥψ = 0, where ψ represents a quantum state
of the system.
3. Lower bound for the energy level of the matter
Hamiltonian
Let us consider the decomposition of the Hamiltonian operator Ĥt given
by (2.6) in a 1-Lipschitz component ĤLipschitz,t and a non-Lipschitz compo-
nent Ĥmatter,t,
Ĥt(uˆ, pˆ) = Ĥmatter,t(uˆ, pˆ) + ĤLipschitz,t(uˆ, pˆ).(3.1)
The matter Hamiltonian is defined in this expression by the piece of the
Hamiltonian operator which is not 1-Lipschitz. This is consistent with the
idea that matter (including gauge interactions) is quantum matter.
Lemma 3.1. Let Ht : T
∗TM → R be a C2-smooth Randers Hamiltonian
function (2.6). Then there exists a compact domain K ′ ⊂ T ∗TM such that
the restriction H|K ′ is 1-Lipschitz continuous.
Proof. By Taylor’s expansion at the point (ξ, χ) ∈ T ∗TM up to second order
one obtains the expressions
Ht(u, p) = Ht0 +
8N∑
k=1
∂Ht
∂uk
|(ξ,χ)(uk − ξk) +
8N∑
k=1
∂Ht
∂pk
|(ξ,χ)(pk − χk)
+
8N∑
k=1
Rk (u
k − ξk)2 +
8N∑
k=1
Qk (pk − χk)2
= Ht0 +
8N∑
k=1
∂Ht
∂uk
|(ξ,χ)(uk − ξk) +
8N∑
k=1
βk(χ) (pk − χk)
+
8N∑
k=1
Rk (u
k − ξk)2 +
8N∑
k=1
Qk (pk − χk)2,
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where the term
8N∑
k=1
Rk (u
k − ξk)2 +
8N∑
k=1
Qk (pk − χk)2
is the remaind term of the second order Taylor’s expansion. The difference
for the values of the Hamiltonian Ht at two different points is given by the
expressions
|Ht(u(1), p(1)) − Ht(u(2), p(2))| =
∣∣∣ 8N∑
k=1
∂Ht
∂uk
|(ξ,χ)(uk(1)− ξk)
+
8N∑
k=1
βk(χ) (pk(1) − χk) +
8N∑
k=1
Rk(1) (u
k(1) − ξk)2 +
8N∑
k=1
Qk(1) (pk(1) − ξk)2
−
8N∑
k=1
∂Ht
∂uk
|(ξ,χ)(uk(2) − ξk)−
8N∑
k=1
βk(χ) (pk(2)− χk)
−
8N∑
k=1
Rk(2) (u
k(2)− ξk)2 −
8N∑
k=1
Qk(2) (pk(2)− χk)2
∣∣∣
≤
∣∣ 8N∑
k=1
∂Ht
∂uk
|(ξ,χ)(uk(1)− uk(2))
∣∣ + ∣∣ 8N∑
k=1
βk(χ)(pk(1) − pk(2))
∣∣
+
∣∣ 8N∑
k=1
Rk(1) (u
k(1) − ξk)2 − Rk(2) (uk(2) − ξk)2
∣∣
+
∣∣ 8N∑
k=1
Qk(1) (pk(1)− χk)2 − Qk(2) (pk(2) − χk)2
∣∣.
Due to the continuity of the second derivatives of Ht, for each compact set
K ⊂ T ∗TM containing the points 1 and 2, there are two constants CR(K) >
0 and CQ(K) > 0 such that |Rk(1)|, |Rk(2)| < CR(K) and |Qk(1)|, |Qk(2)| <
CQ(K), for each k = 1, ..., 8N . Moreover, as a consequence of Taylor’s
theorem it holds that
lim
1→2
CQ(K) = 0, lim
1→2
CR(K) = 0,
Since K is compact the last two lines in the difference |H(u(1), p(1)) −
H(u(2), p(2))| can be rewritten as
∣∣ 8N∑
k=1
Rk(1) (u
k(1)− ξtk)2 − Rk(2) (uk(2)− ξtk)2
∣∣ ≤ CR(K)∣∣ 8N∑
k=1
(uk(1) − uk(2))2
∣∣
∣∣ 8N∑
k=1
Qk(1) (pk(1)− χk)2 − Qk(2) (pk(2)− χk)2
∣∣ ≤ CQ(K)∣∣ 8N∑
k=1
(pk(1)− pk(2))2
∣∣.
The constants CQ(K) and CR(K) can be taken finite on K. Furthermore,
by further restricting the domain where the points 1 and 2 are to be included
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in a smaller compact set K˜, one can write the following relations,
CR(K˜)|(uk(1)− uk(2))| ≤ 1/2, CQ(K˜)|(pk(1)− pk(2))| ≤ 1/2.(3.2)
Let us consider the further restriction on the compact set K ′ ⊂ K˜ ⊂ T ∗TM
such that for each (ξ, χ) ∈ K ′∣∣∂Ht
∂uk
|(ξ,χ)
∣∣ ≤ CU , k = 1, ...., 4N(3.3)
holds good for some constant CU . Also, on K
′ it must hold that
CR(K)
∣∣ 8N∑
k=1
(uk(1)− uk(2))2
∣∣+ CQ(K)∣∣ 8N∑
k=1
(pk(1)− pk(2))2
∣∣
≤ 1/2
8N∑
k=1
∣∣(uk(1)− uk(2))∣∣ + 1/2 8N∑
k=1
∣∣(pk(1)− pk(2))∣∣.
Moreover, the factors |βi| are bounded as a consequence of Randers condition
(A.1). Then we have that
|H(u(1), p(1)) − H(u(2), p(2))|∣∣
K ′
≤ C˜U
( 8N∑
k=1
∣∣(uk(1)− uk(2))∣∣
+
8N∑
k=1
∣∣ (pk(1) − pk(2))∣∣)+ 1/2 8N∑
k=1
∣∣(uk(1)− uk(2))∣∣ + 1/2 8N∑
k=1
∣∣(pk(1)− pk(2))∣∣
with C˜U = max{CU , 1}. This proves that H|K ′ is a Lipschitz function, with
Lipschitz constant M = max{12 , C˜U}, which is necessarily finite. Now we
can redefine the Hamiltonian dividing byM , which is a constant larger than
1. This operation is equivalent to redefine the vector field β ∈ ΓTTM . Such
operation does not change the equations of motion and the Randers condi-
tion (A.1). Then we obtain a 1-Lipschitz Hamiltonian on K ′, restriction of
the original Hamiltonian Ht. 
The compact domain K ′ is not empty. In the metaestable domain D0,
the Hamiltonian Ht is equivalent to zero. Therefore, it is reasonable to think
that in such domain Ht is Lipschitz, thus providing an example where K
′
can be contained (D0 is not necessarily compact).
Extensions from K ′ to the whole phase space T ∗TM can be constructed
as follows. Consider the Sasaki metric on T ∗TM of the Hamilton-Randers
structure (see (A.2) in Appendix A). For every observerW one can associate
by canonical methods a Finsler metric on T ∗TM and then an asymmetric
distance function
̺S : T
∗TM × T ∗TM → R.
Let us consider the projection on K ′
πK ′ : T
∗TM → K ′, (u, p) 7→ (u¯, p¯),(3.4)
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where (u¯, p¯) is defined by the condition that the distance from (u, p) to
K ′ is achieved at (u¯, p¯) in the boundary ∂K ′. Then one defines the radial
decomposition of Ht by the expression
Ht(u, p) = R
(
̺S((u, p), (u¯, p¯))
)
Ht(u¯, p¯) + δHt(u, p).(3.5)
The positive function R
(
̺S((u, p), (u¯, p¯))
)
is such that the first piece of the
Hamiltonian is 1-Lipschitz. The second contribution is not 1-Lipschitz. By
assumption, δHt(u, p) is identified with the matter Hamiltonian Hmatter,
Hmatter,t(u, p) := δHt(u, p).(3.6)
With these redefinitions we obtain the following
Theorem 3.2. Every Hamiltonian (2.6) admits a normalization such that
the decomposition (3.1) holds globally on T ∗TM .
Proof. One can perform the normalization
Ht(u, p)→ 1
R
(
̺S((u, p), (u¯, p¯))
) Ht(u, p)
= Ht(u¯(u), p¯(u)) +
1
R
(
̺S((u, p), (u¯(u), p¯(u)))
) δHt(u, p).
The first term is 1-Lipschitz in T ∗TM , since Ht(u¯(u), p¯(u)) is 1-Lipschitz
on K ′, while the second term is not 1-Lipschitz continuous. 
The uniqueness of this construction depends upon the uniqueness of the
compact set K ′, the uniqueness of the relation (u, p) 7→ (u¯, p¯). One can
consider the maximal set K ′, but in general the construction is not unique.
3.1. Hamiltonian constrain. From the properties of the Ut flow it follows
that
lim
t→(2n+1)T
(
Ĥmatter,t + ĤLipschitz,t
)|ψ〉 = 0(3.7)
for each |ψ〉 ∈ HFun. This relation is identified with the quantum version
of the Hamiltonian constrain in time reparametrization invariance in gravi-
tational theories. However, each of the individual terms in this relation can
be different from zero in the metastable domain D0,
lim
t→(2n+1)T
Ĥmatter,t|ψ〉 6= 0
and
lim
t→(2n+1)T
ĤLipschitz,t|ψ〉 6= 0.
This implies that in order to have the metastable equilibrium point at the
instant t = (2n + 1)T , in addition with the matter Hamiltonian (3.6), an
additional piece of dynamical variables whose described by the Hamilton-
ian ĤLipschitz,t is needed. On the other hand, if we assume that the mat-
ter Hamiltonian (3.6) must be positive definite when acting on physical
states, then the 1-Lipschitz Hamiltonian should have negative eigenvalues
only. Hence for Hamilton-Randers models the positiveness of the matter
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Hamiltonian is extended to all t ∈ [0, (2n + 1)T ]. This implies the consis-
tency of the positiveness of the energy level for the quantum Hamiltonian
for matter (3.6) in the whole process of the Ut-evolution. On the other hand,
ĤLipschitz,t is related with the classical gravitational interaction.
We can reverse this argument. If ĤLipschitz,t is negative definite, then
Ĥmatter,t must be positive definite. This property is related with the analo-
gous property of gravitational interaction, as we discuss below.
4. Emergence of the weak equivalence principle in
Hamilton-Randers theory
We organize this subsection in two parts.
4.1. Preliminary considerations. Let us consider a physical system S
that can be thought as composed by two sub-systems A and B. We denote
by Xµ(Si), i ≡ S, A,B the macroscopic observable coordinates associated to
the system Si, that is, the value of the coordinates that could be associated
when local coordinates are assigned by a classical observer to each system
S, A,B by means of a measurements or by means of theoretical models.
Then we adopt the following
Assumption I. The functions
Xµ(Si) : T ∗TM × R→M4,
(uk1 , ..., ukN , pk1 , ..., pkN , t) 7→ Xµ(uk1 , ..., ukN , pk1 , ..., pkN , t)
are smooth.
Under the additional Randers type condition of universal bounded accel-
eration and speed for the sub-quantum molecules, in the metastable domain
D0 containing the metastable points {t→ (2n+1)T, n ∈ Z}, the functions
Xµ((2n + 1)T, τ) = Xµ(τ) are 1-Lipschitz in t-time parameter. In order to
show this, let us first remark that the relations
lim
t→(2n+1)T
∂Xµ(u, p, t)
∂t
= 0, µ = 1, 2, 3, 4(4.1)
hold good, since in the metastable metaestable domain D0 physical observ-
ables depending upon (u, p) coordinates do not have t-time dependence (they
are almost fixed points of the Ut flow). This expression can be re-written as
lim
t→(2n+1)T
∂Xµ(u, p, t)
∂t
= lim
t→(2n+1)T
(
8N∑
k=1
∂Xµ
∂uρk
duρk
dt
+
8N∑
k=1
∂Xµ
∂pρk
dpρk
dt
)
= 0.
It follows as a consequence of this relation and since the number of degrees
of freedom 8N is finite, that the collection of partial derivatives{
∂Xµ
∂uρk
,
∂Xµ
∂pρk
, µ = 1, 2, 3, 4; k = 1, ..., N
}
can be uniformly bounded inside of a closed and small enough domain of
the region D0.
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Let us also consider the differential expressions
dXµ(u, p, t)
dt
=
8N∑
k=1
∂Xµ
∂uρk
duρk
dt
+
8N∑
k=1
∂Xµ
∂pρk
dpρk
dt
.
The derivatives {du
ρ
k
dt , µ = 1, 2, 3, 4; k = 1, ..., N} are uniformly bounded as
a consequence of the Randers condition (A.1). Since the system of equa-
tions for the configuration coordinates {ui}8Nk=1 is autonomous for u, the
derivatives {
dpρk
dt
, µ = 1, 2, 3, 4; k = 1, ..., N
}
are fully determined by{
uµk(t),
duρk
dt
, µ = 1, 2, 3, 4; k = 1, ..., N
}
.
Therefore, each pρk and its time derivative
dpρk
dt are uniformly bounded.
Then it follows that
Proposition 4.1. If the functions
{
uµk(t),
duρk
dt , µ = 1, 2, 3, 4; k = 1, ..., N
}
are C1-functions, then the coordinate functions {Xµ(τ)}3µ=0 are C1-functions
with uniformly bounded derivatives in a restricted domain of D0 ⊂ T ∗TM .
Since the system of equations for the configuration coordinates {ui}8Nk=1
is autonomous for u, the functions
{
uµk(t),
duρk
dt
}4,N
µ,k=1,1
are also 1-Lipschitz
continuous. Then the {Xµ(τ)}3µ=0 are 1-Lipschitz functions. Let us remark
the dependence on τ -time parameter of the macroscopic coordinates Xµ.
From the above reasoning it is natural to consider the following
Assumption II. In the metastable domain D0 the functions{
uµk(t),
duρk
dt
, µ = 1, 2, 3, 4; k = 1, ..., N
}
are C1-regular functions.
Let us consider two subsystems A and B of the full system under consid-
eration S. The sub-systems A, B are embedded in S such that
S = A ⊔B,(4.2)
for an hypothetically well defined union operation ⊔ for systems composed
by sub-quantum molecules. Let us consider local coordinate systems such
that the identification
A ≡ (u1(τ), ..., uNA (τ), 0, ..., 0) and B ≡ (0, ..., 0, v1(τ), ..., vNB (τ)),
(4.3)
with N = NA +NB , NA, NB ≫ 1 holds good. The whole system S can be
represented in local coordinates as
S ≡ (u1(t), ..., uNA(t), v1(t), ..., vNB (t)).
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By the action of the diffeomorphisms ϕk : M
k
4 → M4, one can consider
the world lines of the sub-quantum molecules on M4 at each constant value
of t modulo 2T . In the particular case of metaestable equilibrium points
{t = (2n + 1)T, n ∈ Z} we have a set of (discrete) world lines in M4,
showing that the functions {Xµ}4µ=1 characterize the average presence of
sub-quantum world lines at a given point of M4. Therefore, it is reasonable
to define the observable coordinates of the system by the expression
X˜µi (τ(n)) =
1
N
lim
t→(2n+1)T
Ni∑
ki=1
ϕµki(xki(t)), i = A,B,S, µ = 0, 1, 2, 3,
(4.4)
where here ϕµki are local coordinates on M4, defined after the action of the
diffeomorphism ϕki . Note that the normalization factor 1/N is the same for
all the systems i = A,B,S. This means that we are considering systems
that eventually are sub-systems (proper or improper) of a larger sub-system
S. This formal constraint is however harmless for general purposes by the
embedding (4.3). Actually, we can suppress the factor N , as long as we keep
track in all the expressions below of the equivalent normalization criteria.
We identify τ(n) with the τ -time parameter and consider it continuous, in
relation with macroscopic or quantum time scales. Then by the embedding
(4.3),
Xµ(τ) =
1
N
lim
t→(2n+1)T
N∑
k=1
ϕµki(xki(t)), i = A,B,S.(4.5)
This function is 1-Lipschitz, by applying the arguments given above, specif-
ically Proposition 4.1 and Assumption II.
The mean function coordinate Mµ(τ) is assumed to be equal to the mean
of the probability distribution µP ,
Mµ(S(τ)) = 1
N
lim
t→(2n+1)T
N∑
k=1
µP (k)(t)ϕ
µ
ki
(xki(t))(4.6)
The mean Mµ does not depend on the system i = A,B,S and only depends
upon the distribution of probability or measure µP . This probability dis-
tribution of sub-quantum degrees of freedom depends only upon the macro-
scopic preparation of the system and not of the system itself: by definition,
the probability distribution of the N sub-quantum molecules does not de-
pend upon the particular configurations that they can have. Therefore, we
make a third assumption,
Assumption III. The mean coordinate functions Mµ only depends on
the preparatory macroscopic conditions.
It is under assumption III together with the fact that the configuration
spacetime is large dimensional, that one can apply effectively concentration
of measure and with the required regularity conditions of the Ut-interaction,
it will imply the validity of a classical weak equivalence principle. The mean
WEAK EQUIVALENCE PRINCIPLE IN EMERGENT QUANTUM MECHANICS 15
coordinate world line τ 7→Mµ(τ) serves as a guide to the motion of macro-
scopic variables.
Remark 4.2. It is important to remark that in general, τ 7→Mµ(τ) is not
necessarily continuous from the point of view of the spacetime description.
Definition 4.3. Given a Hamilton-Randers system, we say that is in free
quantum evolution if the condition on the probability distribution
d
dτ
µP (k)(t, τ) = 0, k = 1, ..., N(4.7)
holds good.
Thus a quantum interaction in Hamilton-Randers theory is associated
with the exchange of sub-quantum degrees of freedom with the environment
or with other classical or quantum fields. Although there is still a long
way, this notion suggests the possibility to describe interactions by using
quantum field theory. This conjecture is also supported by the fact that the
theory is relativistic by construction.
By the concentration property (B.4) of the Ut dynamics in the Lips-
chitz dynamical regime D0, the τ -evolution of the coordinates X˜
µ(S(τ)),
X˜µ(A(τ)) and X˜µ(B(τ)) that have the same initial conditions differ be-
tween each other after the dynamics at τ -time such that
µP
(
1
σX˜µ
|X˜µ(Si(τ)) −Mµ(S(τ))| > ρ
)
t→(2n+1)T
∼ C1 exp
(
−C2 ρ
2
2 ρ2p
)
,
(4.8)
µ = 1, 2, 3, 4, i = A,B,S holds. The constants C1, C2 are of order 1, where
C2 depends on the dimension of the spacetime M4. ρp is independent of
the system i = A,B,S. Note that there is no dependence on the t-time
parameter, since we are considering these expressions in the limit t→ (2n+
1)T .
4.2. Proof from ”first principles” that the weak equivalence prin-
ciple holds.
Definition 4.4. A test particle system is describe by a Hamilton-Randers
system such that the τ -evolution of the center of mass coordinates X˜µ are
determined by the initial conditions
(
X˜µ(τ = 0), dX˜
µ(τ=0)
dτ
)
and the external
field.
Proposition 4.5. Let Si, i = 1, 2, 3 be Hamilton-Randers systems with
N ≫ 1 associated to free test particles. Then the observable macroscopic
coordinates X˜µ(τ) do not depend on the system Si at each τ .
Proof. The coordinate functions X˜µ(τ) are 1-Lipschitz in the metastable
metaestable domain t → (2n + 1)T . Then we can apply the concentration
of measure (4.8). Moreover, we assume that the condition
ρ
ρP
∼ N,(4.9)
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holds for Hamilton-Randers dynamical systems. Hence the observable co-
ordinates {X˜µ}4µ=1 moves following the common Mµ(τ) coordinates with
an error bounded by exp(−C2N2). Since the system is in free evolution,
the condition (4.7) holds, the median coordinates Mµ(τ) follow an ordinary
differential equation, integrable at every τ ∈ [0,+∞]. 
Therefore, in the subset of metaestable domain for t = (2n+1)T there is
a strong concentration for the value the functions {X˜µ(τ)}4µ=1 around the
mean {Mµ(τ)}4µ=1. This universality is up to fixing the initial conditions of
the mean Mµ, which is equivalent to fix the initial conditions for {uµk}Nk=1.
This result can be interpreted as the weak equivalence principle.
Despite being applied to classical trajectories only, the explanation of
the equivalence principle offered along these lines implies that theoretically
the weak equivalence principle should be an almost exact law of Nature,
only broken at scales 1/N2 comparable with the fundamental scale. This is
because the weak equivalence principle just derived is valid up to an error
of order exp(−C2N2). It breaks down abruptly when the system described
is a quantum system composed by N sub-quantum degrees of freedom or a
system composed by few sub-quantum degrees of freedom.
Although the current state of the theory cannot determine the constant
C2, this does not invalidate our argument. Also, in order to obtain firm
bounds on the exponential, it is necessary to know the values of N for
particular systems. At the moment, we assume that N is large enough to
effectively apply the concentration of measure argument.
We organize the content of this paper as follows. After a brief introduction
to the necessary ideas and notions of our version of emergent quantum me-
chanics, we discuss a technical result of how the Hamiltonian of the dynamics
is naturally decomposed in a part corresponding to matter Hamiltonian and
another which corresponds to something else. Then we introduce center of
mass variables. The form of the weak equivalence principle for the evolution
of this variables is discussed in section 4. Section 5 describes an example
of gravitational model where gravity is contractive in the sense of section 4,
namely, Newtonian gravity up to the Planck scale. In section 6, we further
advance in the consequence of our approach to argue formally that gravity is
a classical, emergent interaction. In Appendix A we collect some definitions
and notions that appear in our formulation of emergent quantum mechanics
[16], while in Appendix B we collect some of the results on concentration
theory that are particularly relevant for our theory.
5. Existence of a domain where gravity is 1-Lipschitz
continuous
Let us consider the newtonian gravitational force between a massive point
particle with mass m by a massive point particle with mass M located at
the origin of coordinates,
F (~x) = −G mM
r2
, ~x ∈ R3(5.1)
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and r = |~x| the distance to the origin in R3 of the point ~x. The newtonian
gravitational potential V (~x) lives on the collection of Euclidean spheres
Sˆ2 := {S2(r), r ∈ (0,+∞)},
where the expression |r1 − r2| defines a norm function between different
spheres. Moreover, to compare different lengths or different mechanical
forces, it is useful to consider dimensionless expressions, for which we need
reference scales.
The Planck force provides a natural unit, respect to which we can compare
any other scale. Let us consider the expression
|F (~x2)− F (~x1)|
FP
= α
|r2 − r1|
lP
,
where FP is the Planck force and lP is the Planck length. After some
algebraic manipulations, one finds an expression for the coefficient α. In the
case of Newton law of universal gravitation (5.1), α is given by the expression
α = lP
1
c4
G2mM
1
r22 r
2
1
|r2 + r1|.
In order to simplify the argument, let us consider m = M . Furthermore,
although the case r2 = r1 is singular, in order to work in a fixed scale, we
consider a relation r1 = λ r2 with λ ∼ 1 constant. Then one obtains a
compact expression for α,
α =
1 + λ
λ3
D
Dp
E
EP
,(5.2)
where D = m/r3 is a characteristic density of the system, E = mc2, DP
is the Planck density and Ep is the Planck energy. It follows from the ex-
pression (5.2) that for scales of the standard model, atomic physics systems
or macroscopic systems, α ≪ 1. Moreover, α is bounded by 1. The bound
is saturated at the Planck scale. This shows that at such scales, gravity is
1-Lipschitz. This is because the relative weakness of the gravitational inter-
action compared with the interactions of the Standard Model of particles.
6. Conclusion: On the emergent origin of the gravitational
interaction in Hamilton-Randers theory
Bringing together the previous characteristics for the 1-Lipschitz domain
of the Ut flow, we find the following general features:
• Since the constraint (2.7) holds good, the dynamical Ut flow in the
domainD0 is compatible with the time reparametrization invariance
of general relativity.
• The equivalence principle for the observable coordinates Xµ(S(τ))
holds good in the metastable domain D0.
• The dynamical Ut flow in the domain D0 determines a classical in-
teraction, since it is relevant only in the metastable domain D0 of
the fundamental dynamics where all the possible observables of the
systems have well defined values.
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• There is a local maximal speed for the sub-quantum molecules of a
Hamilton-Randers dynamical systems and invariance under a local
relativity group invariance holds. This local relativity group is by
construction the Lorentz group.
Furthermore, we have found the following two additional restrictions,
• The Ut interaction in the 1-Lipschitz domain must be compatible
with 1. The existence of a maximal and 2. Universal maximal proper
acceleration.
In view of the formal similarity of these properties with the analogous prop-
erties of the current mathematical description of the gravitational interac-
tion, one is naturally lead to the following conclusion,
In the metastable domain the 1-Lipschitz dynamics associated with
HLipshitz,t=(2n+1)T is the gravitational interaction.
That gravity could be intrinsically involved in the collapse of the wave
functions is an idea that appears in several modern approaches to the mea-
surement problem [12, 19, 28]. However, there are fundamental differences
between the models described here and spontaneous collapse models or col-
lapse models induced by large mass measurement devices. Furthermore,
our argument shows that gravitation is an emergent interaction, not appli-
cable to the fundamental degrees of freedom. How this consequence mar-
ries Hamilton-Randers theory with another fundamental property of cur-
rent theories of gravitation, namely, the general covariance or absence of
back-ground geometric structures, is another problem that deserves further
investigation and separate exposition.
Therefore, from the point of view of Hamilton-Randers theory, gravity is
a classical interaction. Furthermore, there must exist essential differences
between gravitational models compatible with Hamilton-Randers theory and
Einstein’s general relativity, since our theory includes an universal maximal
proper acceleration. It is also interesting the possibility that a generalization
of Einstein gravity in the frameworks of metrics with a maximal acceleration
compatible with the weak equivalence principle could lead to a classical
resolution of curvature singularities [10, 18].
Appendix A. Hamilton-Randers structures
Notion of pseudo-Randers space. A natural way to introduce a non-
reversible dynamics is to consider a non-reversible perturbation to a re-
versible one. This is exactly the fundamental ingredient of the concept of
Randers spaces [29]. We will introduce a general notion of Randers space in
the following paragraphs.
Definition A.1. In the category of Finsler spaces with Euclidean signature,
a Randers structure defined on the manifold M˜ is a Finsler structure such
that the associated Finsler function is of the form
F ∗ : TM˜ → R, (u, z) 7→ α∗(u, z) + β∗(u, z),
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such that The condition
α∗(β∗, β∗) < 1(A.1)
must be satisfied. α∗(u, z) is the Riemannian norm of z ∈ TuM˜ determined
by a Riemannian metric η∗, while β∗(u, z) is the result of the action 1-form
β∗ ∈ ΓT ∗M˜ on z.
This condition (A.1) implies the non-degeneracy and the positiveness of
the associated fundamental tensor
gij(u, θ) =
1
2
∂2F 2(u, θ)
∂θi∂θj
.(A.2)
The proofs of these properties are indicated for instance in [4]. The non-
degeneracy of the fundamental tensor is an analytical requirement for the
construction of associated connections and also, for the existence of geodesics
as local extremals of an action or energy functional [33].
We now consider the analogous of a Randers structure in the category
of generalized Hamiltonian functions on the configuration space TM whose
fundamental tensors (A.2) are non-degenerate and have indefinite signature.
In this case the domain of definition of the Hamiltonian function F should
be restricted, since it is not possible to have a well defined Hamilton-Randers
function on the whole cotangent space T ∗TM . This is because η is a pseudo-
Riemannian metric and it can take negative values on certain regions of
T ∗uTM , in which case the function α(u, θ) is purely imaginary and cannot
be the value of a reasonable Hamiltonian function. This argument motivates
to consider the collection DTu of time-like momenta over u ∈ TM is defined
by the set of co-vectors θ ∈ T ∗uTM such that
α(u, θ) =
8N∑
i,j=1
ηij(u) θi θj > 0.(A.3)
Note that the coordinates θi transform covariantly under local coordinate
transformations on the fiber induced by local coordinate transformations in
the spacetime manifold M4.
The domain of a Hamilton-Randers function is restricted to be the topo-
logical closure of the open submanifold DT of time-like momenta. This is
indeed a cone: if θ ∈ DTu, then λ θ ∈ DTu for λ ∈ R+. Also, DTu is
the pre-image of an open set (0,+∞) by the Randers type function F (u, θ),
which is continuous function on the arguments. Therefore, DTu is an open
sub-manifold of T ∗uTM .
The notion of pseudo-Randers space is formulated in terms of well defined
geometric objects, namely, the vector field β ∈ ΓTTM and the pseudo-
Riemannian norm α. Because of this reason, a metric of pseudo- Randers
type is denoted by the pair (α, β).
Notion of Hamilton-Randers space. Let β ∈ ΓTTM be a vector field
on TM such that the dual condition to the Randers condition (A.1), namely,
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the condition
|η∗(β, β)| < 1, β ∈ ΓTTM(A.4)
holds good.
Definition A.2. A Hamilton-Randers space is a generalized Hamilton space
whose Hamiltonian function is of the form
F : DT → R+ ∪ {0}, (u, θ) 7→ F (u, θ) = α(u, θ) + β(u, θ).(A.5)
with α =
√
ηij(u)θiθj real on DT ⊂ T ∗TM and where
β(u, θ) =
8N∑
i=1
βi(u)θi,
such that β is constrained by the condition (A.4).
A Hamilton-Randers space is characterized by a triplet (TM,F,DT ).
Appendix B. Concentration of measure
Let us discuss the application of concentration of measure (see for in-
stance the theory as developed in [20, 27] and also the introduction from
[31]) to Hamilton-Randers dynamical models. The concentration of measure
is a general property of regular enough functions defined in high dimensional
topological spaces T endowed with a metric function d : T × T → R and
a Borel measure µP of finite measure, µP (T) < +∞ or a σ-finite measure
spaces (countable union of finite measure spaces). For our applications, we
also require that the topological space T has associated a local dimension.
This will be the case, since we shall have that T ∼= T ∗TM , which are locally
homeomorphic to R16N , if M4 is the four dimensional spacetime and N is
the number of sub-quantum molecules determining the Hamilton-Randers
system. The phenomenon of concentration of measure for the category of
topological spaces admitting a well defined dimension, can be stated as fol-
lows [31],
In a measure metric space of large dimension, every real 1-Lipschitz func-
tion of many variables is almost constant almost everywhere.
Here the notion of dimension needs to be specified, since the space in ques-
tion is not necessarily of the form R16N , but for our applications the notion
of dimension is the usual one of differential geometry.
In the formalization of the concept of concentration of measure one makes
use of the metric and measure structures of the space T to provide a precise
meaning for the notions of almost constant and almost everywhere. The
notions of measure structure µP and metric structure d : T × T → R
are independent from each other. Indeed, the standard framework where
concentration is formulated is in the category of mm-spaces [20] and for
1-Lipschitz functions. However, for the reasons discussed above, we shall
pay attention to a class of such spaces, namely, the one admitting a well
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defined local dimension. Despite this, the spaces that we shall consider will
be called mm-spaces and denoted as for example (T, µP , d).
In a measure metric space (T, µP , d), the concentration function
α(µP ) : R→ R, ρ 7→ α(µP , ρ)
is defined by the condition that α(µP , ρ) is the smallest real number such
that
µP (|f −Mf | > ρ) ≤ 2α(µP , ρ),(B.1)
for any 1-Lipschitz function f : T→ R. Thus α(µP , ρ) does not depend on
the function f . Mf is the median or Levy’s mean of f , which is defined as
the value attained by f : T→ R such that
µP (f > Mf ) = 1/2 and µP (f < Mf ) = 1/2.
Therefore, the probability that the function f differs from the median Mf in
the sense of the given measure µP by more than the given value ρ ∈ R is
bounded by the concentration function α(µP , ρ). Note that the function f
must be conveniently normalized, in order to differences be compared with
real numbers.
Example B.1. A relevant example of concentration of measure is provided
by the concentration of measure in spheres SN ⊂ RN+1. Let (SN , µS , dS) be
the N -dimensional sphere with the standard measure and the round metric
distance function. As a consequence of the isoperimetric inequality [27] it
holds that for each A ⊂ SN with µ(A) ≥ 1/2 and ǫ ∈ (0, 1), the set
Aǫ := {x ∈ SN s.t. dS(x,A) ≤ ǫ}
is such that
µS(Aǫ) ≥ 1−
√
π/8 exp(−ǫ2 (N − 1)/2).(B.2)
Let f : SN → R be a 1-Lipschitz function and let us consider the set
A := {x ∈ SN s.t. f(x) ≤ Mf}.
Then from the definition of the Levy’s mean, it turns out that µS(A) ≥ 1/2,
which leads to the the concentration inequality [27]
µS(Aǫ) ≥ 1−
√
π/8 exp(−ǫ2 (N − 1)/2).
An important consequence of the relation (B.2) is that for high dimen-
sional spheres N → +∞ and for each ǫ ∈ (0, 1) (note that the radius of the
sphere is normalized, such that ǫ = 1 is the maximal distance between points
in the sphere), for almost all the points on the sphere (that is, module a set
of measure zero by the measure µS) the limit condition
lim
N→∞
µ(Aǫ)→ 1
holds good. That is, the 1-Lipschitz function f must be almost constant on
S
N , concentrating its value at the median Mf . In particular, for the sphere
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S
N the concentration of 1-Lipschitz functions is of the form
α(PM , ρ) ≤ C exp
(
−(N − 1)
2
ρ2
)
,(B.3)
with C a constant of order 1.
Example B.2. The second example of concentration that we consider here
refers to 1-Lipschitz real functions on RN (compare with [31], pg. 8). In
this case, the concentration inequality is of the form
µP
(
|f −Mf | 1
σf
>
ρ
ρP
)
≤ 1
2
exp
(
− ρ
2
2ρ2P
)
,(B.4)
where we have adapted the example from [31] to a Gaussian measure µP with
median Mf . In the application of this concentration to Hamilton-Randers
models, ρP is a measure of the minimal standard contribution to the distance
ρ per unit of degree of freedom of the Hamilton-Randers system. ρρP must be
independent of the function f . σf is associated to the most precise physical
resolution of any measurement of the quantum observable associated to the
1-Lipschitz function f : RN → R.
For 1-Lipschitz functions on a measure metric space T of dimension N
there are analogous exponential bounds as for examples B.1 and B.2. In
general, the phenomenon of concentration is a consequence of the Lipschitz
regularity condition of the function f : T→ R and the higher dimensionality
of the space T. For dim(T) large, the concentration of measure implies that
the values of 1-Lipschitz functions are very picked around a certain constant
value.
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